Chapter 8

Stress and deformation analysis—
finite element method
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8.1 Introduction

The finite element method is capable of simulating actual geometry of an
excavation, the conditions of soil layers, stress-strain behavior of soil, the
level and pressures of groundwater, the excavation depth, construction
sequence. It is more accurate than those derived from simplified methods or the
beam on elastic foundation method

Successful modeling the real stress-strain behavior of soil is a crucial point to obtain
a reasonable performance of an excavation for the finite element method

Finite difference method is similar to finite element method but with different
theories and solution procedures. Advanced soil models used to simulate the stress-
strain behavior of soil can also be implemented in the finite difference method.



8.2.1 Linear elastic behavior

External force

Displacement

Body force

FIGURE 8.1 Finite element mesh and boundary conditions



The constitutive law for elastic isotropic material can be expressed

1o}=[Pl{¢} 8.1)

[ o]= stress matrix, In three dimensional space, the stress matrix contains six

components such as oy, o,, ;, %y, Ty Ty IN plane strain or stress
condition, It contains only 3 components.

{&}= strain matrix. In three dimensional space, the stress matrix contains six

components such as &, &, &, %y %x %x 1N plane strain or stress
condition, It contains only 3 components.

[D]=stress-strain or constitutive matrix. The main entries are
Young’s modulus (E) and Poisson’s ratio (), which are also
called the deformation parameters.



The relation between the displacement {u} at any point within the element and
the displacement {q} at the nodal points of the element

Wi=[NRaj e

[N]= displacement shape function

According to the theory of elasticity, the strain and }
displacement at a point within the element

tep=[Lup=[1 N o= B Ra}

[L]= linear partial differential operator,
such as o/ox, o/ oy

(8.3)

[B]=[L][N]= relational matrix between the
strain and the nodal displacement

FIGURE 8.2 Three-node element




According to the principle of virtual work, we can derive the work done by the
Internal force and the external force in an element

[ {62} [o]d(vol) = [ {su}'{G)d(vol)+ [ {Su}[T]d(area) @a

vol vol area

j [B]'[o] d(vol) = j [NT'{G}d(vol)+ j [N]'[T]d(area) @5
vol vol area
[Os]=strain increment {Su}=displacement increment at any point with the element

[o] =the state of stress at the current stage
[G]=body force [T]=traction, which is the surface force acting on the element



The stiffness matrix of the element [K¢]

[Kc]=[[BI'[DI[BIdV s

vol

The element stiffness matrix for all elements are then assembled into the global stiffness
matrix [K] of the element

[Ka}=1F} 6.7)

[g]= nodal displacement matrix
[F]=matrix of excavation-induced external force or equivalent load at nodal points

{a}=[KT{F}
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FIGURE 2.22 Definition of various deformation moduli (a) Young
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TABLE 2.13 Relations between elastic deformation parameters (after Chen and Saleeb, 1982)
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8.2.2 Plastic behavior consideration
Ae =Ae® +AgP {As}={Ac"}+{Ac"}
{Ac}=[DH{Aas} {As}=[D°]1 {Ac}
{AF={A}+{AcP}=[D° ] {Ac}+{Ac"}
[D° KA} ={Ac}+[D"KAs"}
{Ac}=[D'KAc}-[D° A"}

According to the flow rule, we have
{Ac}=([D]-[D"]){As}=[D*KAs}  (8.15)

[D*]=[D*]-[D"] .16

Ao o
A
R :
Ao R e
Y2 C c :IE
T | |
Ao 1 | L
’ ——Ag P <
Ag°
<~——Ag—

FIGURE 8.3 Total strain increment, elastic strain
increment, and plastic strain increment



[DP] is the stress-strain or constitutive matrix for plastic material, which is a function
of Yand Q

[DeP] is the stress-strain or constitutive matrix for elastoplastic material

Known the [D¢#P], the stiffness matrix for each element can be derived following
Eq. 8.6, and global stiffness matrix can therefore assembled for all elements.

[Kcl=[[BI'[DIBIV  (86)  {Ac}=([D*]-[D"]){Ac}=[D"}{As} (8.15)

vol

Associated flow rule: when Y=Q, [D#®P] is symmetric matrix.

Non-associated flow rule: when Y==Q, [D®P] Is not symmetric.

Required soil parameters: E, 4, and the parameters for Y and Q



8.2.3 Nonlinear behavior consideration

1 {AF =A%, {F o} o
2. [Kg] and [K] should consider Y and Q 9
3. [KKa}={F} {a}=[KI{F} (87

4. {e}=[BNa} N

Iteration scheme
(e.g. Newton -Raphson Method)

2. [Ke]=[[B] [D*][B]dv

N 9. w =k, —F,
8. F,, = [[B] [o"]dv

) Dlsplacement

Ter

x—lﬁ%——ﬂ 11. {Aq} = Z{Aq }

3.{Aq “}I=[K{AFed  10. {Aq"F=[K] ¢

FIGURE 8.4 Procedure for nonlinear finite
element computation

&{MHBJ{M}



’\‘ : Stress integration scheme(e.g. Forward Euler method with

subincrements)
5. [D¥]=[Df]-[DP]  (8.16)

5. [D®F]
6. {g}/m, {o}=[D]{&}/m o
7. Update the new stress state by
{c*}={c*1}+{A o} and hardening S - 7. Update the new stress state by

parameters of the yield function.

{o}={ " }+{Ac} and hardening

Ao parameters of the yield function

6. {Ac}= Z[Dep] [Ag]

Y

e Ag
} m increment




8. Obtain F;
[[BI'[o1d(vol)= [ [NT'{G}d(vol)+ [ [NT'[T]d(area)
vol vol area (8 . 5)
o} |Fext_ int|

< tolerated error (8.18)

Fel

Load

N

1. {AFexi}

10. Use w as external force, repeat the procedure

11. Update the displacement increment {Aq}

A

I\

Iteration scheme
(e.g. Newton -Raphson Method)

2. [Ke]=[[B] [D*][B]dv

I

I

|
I

I

| : . Displacement

| |

Y

Tter 7

w—lﬁ%——ﬂ 11. {Aq} = Z{Aqk}

T8 F, = [[B] [o*]av

3.{Aq “}I=[K{AFed  10. {Aq"F=[K] ¢

FIGURE 8.4 Procedure for nonlinear finite
element computation

g.‘{MHBJ{Aqk} §



Detailed computation procedure

Global/Nodal
(Force vs. Displacement)

at
a Given Boundary Conditions
e.g. Prescribed force or displacement

If NOT

\ 4

Iteration Scheme
e.g. Newton-Raphson

If Yes
Next loading increment

A

External Force Increment AF

ext

Displacement Increment Aq

Y

Compatibility

Strain Increment A¢

Constitutive Model
Stress Integration Algorithm
e.g. forward Euler scheme

Stress Increment Ao ]
Local/Gaussian

T At

I ! = == == == (Stressvs. Strain)

- — = _v —_— - Convergence

¢ —Fi,; <toleran

Equivalent Internal Force F; ,

S

»
»

Courtesy of KH Yang
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8.2.4 Types of elements
(1) Solid elements

T3 elements (CST elements): Low order
the strain variation 1s constant

T6 elements (LST elements): ®
the strain variation is linear (@) (b)

T15 elements (CuST elements):
the strain variation i1s cubic or nonlinear

(=[N 9} e

tep=[ L {u}=[LIIN Ha}=[B Ko} @3
FIGURE 8.5 Triangular elements (a) CST element

[L]= 6/0x, o/oy (b) LST element (c) CuST element

High order




Low order High order

Quadrilateral elements: ® o ® o ®
Q4 elements:

strain change is linear (low order) ¢ ®
Q8 elements: ® ® ® o ®

strain change is quadratic (nonlinear,

high order) (a) (b)

FIGURE 8.6 Quadrilateral elements
(a) Q4 element (b) Q8 element



Accuracy?

One Q8 element Four Q4 element

FIGURE 8.7 Comparison of accuracy between a Q8 element and four Q4 elements



(2) Bar elements, truss elements,

Anchor elements

(3) Beam elements, plate elements

0 —p @ o—p U

FIGURE 8.8 Two-node bar element

G-

03

FIGURE 8.9 Two-node beam element



(4) Interface elements
Interface elements

@ The interface element connects structures and soil Soil elements
@ \With or without thickness
@ Has a large normal stiffness but relatively small 1
shear stiffness
@ It can simulate the relative displacement between !

soil and structures.

Structure material
@® R, is often used to represent the behavior of

Interface element by reducing the shear strength

of adjacent soils FIGURE 8.10 Interface element



Rinter:]-'O ? Rinter:O'O ? Rinter:O'5 ?
No interface elements?
Interface elements _
i Soil elements
Soil elements .
Soil elements

®

@ - @
¢ @ @

Structure material Structure material



8.3 Effective stress analysis and total stress analysis
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FIGURE 2.27 Drained behavior for saturated coarse granular
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Effective stress analysis: soil and water are analyzed, respectively
Drained analysis: excess pore water pressure can be dissipated.

u

Wall —>
Input parameters:
7/11 C,, ¢r 7
R
Yl
Y
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FIGURE 2.29 Active lateral earth pressure (drained analysis)
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Effective stress analysis: water and soil were analyzed, respectively
Undrained analysis: excess pore water pressure Is not dissipated.

RS~

Input parameters:

Wall—>-|| 7+ €+ ¢

4

u O

Y

> -

Y
(@) (b)

FIGURE 2.30 Active lateral earth pressure (effective stress undrained analysis)
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Total stress undrained analysis: soil and water was analyzed as a single material

Ga
R >
Input parameters:
7/33'[ ) SU ’¢ = O
Wall —
7
TR 7A ]

/\Kaysatz B 28u
Y

FIGURE 2.32 Active lateral earth pressure (total stress undrained analysis)
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Summary

Drained analysis: No excess pore water pressure generation

Effective stress undrained analysis: soil and water are analyzed, respectively.
Both the effective stress of the soil and water pressure can be computed
simultaneously. The ground water level and water pressure should be set.
Effective stress parameters such asc’, ¢, 7 ....

Total stress undrained analysis: soil and water are analyzed as a single
material. No pore water and pore water pressure exist in the analysis. The
ground water level and water pressure should not be set. Total stress
parameters such as s, ¢=0, 7, ....




Based on the principle of effective stress,

{Ac}={Ac}+{Au} (8.19)

In the undrained condition, the soil and pore water will deform simultaneously, so the
strain of the soil and pore water should be the same. The effective stress acting on the
soll and the pore water pressure of the pore water can be obtained as :

{Ac'}= [D’ (8.20) {AU} = [DVV (8.21)

{Ac}=[D{A¢e}=[D'HA&}+[D, [{As} [D]=[D]+[D,] ©22)

[D'] and [D,,] represent the constitutive matrix for the soil and pore water, respectively.



Effective stress undrained analysis

FE computation procedure:

Estimate soil effective stress parameters (¢’ ¢, E’ i, ...)

Compute water constitutive matrix [D,,] and soil constitutive matrix [D']
Compute [D]=[D]1+[D,]

Establish the stiffness matrix [K]

Use FEM procedure [K]{g}={F} to obtain nodal displacement {q}
Compute {&}=[B]{qg} to obtain strain{ s}

Use {o'} =[D'l{¢}1to obtain{c"}

Use {o, }=[D,l{ &} obtain {o;, }

© N O oA wbd




Total stress undrained analysis

FE computation procedure:

1
2
3.
4.
S|
6

Estimate soil total stress parameters (c, ¢, E, u, )

. Compute the constitutive matrix [D]

Establish the stiffness matrix [K]

Use FEM procedure, [K][g]=[F], to obtain nodal displacement [q]
Compute {&}=[B][q] to obtain strain{ s}

Use [o]=[D]{&} to obtain [ 4]



The coupled analysis: ®

. : Z
Couple the continuity of equation or general
consolidation equation with the constitutive
and equilibrium equations.

In addition to the parameters of soil models, ® ®
the coupled analysis also requires the
coefficient of permeability and loading time.

The coupled method uses displacement and ® ° ®
porewater pressure as unknowns and therefore

results in both displacement and porewater ® Deformation nodes
pressure degrees of freedom at element nodes O Porewater pressure nodes

FIGURE 8.11 A element for the coupled analysis (eight
deformation nodes and four porewater pressure nodes)



8.4 Commonly used soil models and related A s

parameters
O-l
N «— 03
b
| o, (large)
bH
o, (intermediate)
o;(small) b
unloading
81/

FIGURE 8.12 Typical stress-strain relations of soils




8.4.1 Mohr-Coulomb (MC) model — linear elastoplastic model

Sample 2

T, =c +0,tang’

34



Y Is fixed and defined by
the Mohr-Coulomb
failure criterion

Mohr-Coulomb yield surface

35



[Kc]= [[BI'[DIBIV  (gg

vol

{Ac}=([D*]-[D"1){As}=[D"{Ae}

(8.15) yP Vi :
. D ield function, Y
TS {Ag;{}&g }

>
Shear strain

4
Plastic potential function, Q

FIGURE 8.13 Yield function and
plastic potential function for
the Mohr-Coulomb model

\Volumetric strain

>

o,A&P
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If y=¢’, Y =Q, associated flow rule.

If w<@’, non-associated flow rule. As y reduces, less
dilation Is generated.

If =0, zero plastic dilation (i.e., no plastic volume change) occurs

{Ac}={[D]-[D"]HAs}=[D"HAs} (8.15)

Required parameters: c’, ¢, E, u', v

37



Two drawbacks:

(1) The magnitude of the plastic volumetric strain (i.e., the
dilation) i1s much larger than that observed in real soils for the
assoclated flow rule.

(2) Once the soil yields, i1t will dilate for ever. Real soil may
dilate initially when the stress state meets the failure surface,
and will often reach a constant volume condition at large
strain, that is, zero incremental plastic volumetric strains



™
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|
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«— 03
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I_, Plastic
o A
Experimental result
Linear elastic

E
1
FIGURE 14 Mohr-Coulomb model
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q (kPa)

< Oy —03

ESP

Au =10 kPa

BO e e

100

110

Undrained Analysis

p=(o+0,+33)/3, q=(01—03)

Loading

3

o1 (0 O3 )% P q
stage (kPa) | (kPa)| (kPa) | (kPa) | (kPa) | (kPa)
Consolidation | 100 100 {100 |[100 |[100 0
Shearing 130 100 (100 |[110 |100 |30

> porp' (kPa)

FIGURE 8.15 Effective stress path and total stress path of an elastic material in triaxial CD tests
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MC Undrained A:c’, ¢ E' , u', v

Ac}=([D°]-[D"]){Ae}=[D"KA 8.15
MC Undrained B:s,, =0,E', u', w {Ac}=([D°]-[D"]){Ac} =[D" KAz} (819

qA Ki compression line 9 A K; compression line qA
28, Ui — K: compression line
KA U— dler
f estimates K= Ui
25u ISR 4R | /A ZSU
A
ESPI
EsP]
TSP TSP
>F') , >'p ' >' p /
(a) Real Sail (b) Undrained A (c) Undrained B

FIGURE 8.16 Stress path of a real soil and MC model
(a) real soil (b) stress path for MC undrained A model (b) stress path from MC undrained B model
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(a)

FIGURE 8.17 Stress-strain behavior of saturated clay computed from the MC model in drained shear conditions

42



160 E_@ 60 — ...Q.Q..C.
i < _
_ 120 S - )
[{°) o
Q 000000000 g 40 —
S 80 3 i
| S
40 — %: 50 § j
<
n
O T ] T ] T | O T ] T | T ] T |
0 10 20 30 40 0 10 20 30 40
6‘1(%) &1 (%)
(a) (b)

FIGURE 8.18 Stress-strain behavior of saturated clay computed from the MC model in undrained shear conditions
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8.4.2 Duncan and Chang (DC) model — nonlinear elastic model

Duncan and Chang (1970) o
TA
o

‘. /

q - 1 E (8.23) (0, =03)u -
E q (O-l_o-s)f
' a

Asymptote

g =deviator stress

0=0,—0,; 0y and oyare major and minor
principal stresses, respectively

&= the strain in the direction of major principal

stress

E,= initial tangent modulus

4,=( o,—03),,; =asymptote of the stress-strain
curve, representing the ultimate strength

FIGURE 8.19 Duncan and Chang’s (DC) model



P_= atmospheric pressure = 101.3 kN/m?

o : : .
E =KP, | = (8.24) K= dimensionless stiffness modulus number
P, n= dimensionless stiffness modulus exponent.
A
Gl
a® !
a 4 O~
5 ? o, (large)
bH
o, (Intermediate)
o; (small)
> :
log(o, /P,) unloading
FIGURE 8.20 Relation between the initial 6‘1/

Young’s modulus and confining pressure FIGURE 8.12 Typical stress-strain relations of soils



q, =R, q, /Asymptote
qa = (Gl o GS)UIt (01— 03)u -
d; = (0, —03); (@27 ); B

R; = failure ratio. For most types of soll,
R; ranges between 0.5 to 0.9

According to the Mohr-Coulomb failure theory,

> &

2CCOS¢p+20,SIN @ (8.26)
d: = 1—sing ' FIGURE 8.19 Duncan and Chang’s (DC) model




T AN

(o2
9=¢,—Aglog (P_B) (8.27)

do=angle of shear resistance when o;=1 atm=101.3 kN/m?

| Failure envelope

Substitute Eqgs. 8.24, 8.25, and 8.26 in Eq. ¢
8.23, and differentiate with respect to strain,
and then we can obtain the tangent elastic
modulus E, for any stress state

N,
7
'
O

|
S|
“

FIGURE 2.9 Apparent cohesion and friction angle for sand

P A
. 2 n
Et= 1_Rf(1—sm¢)(o-l_—0'3) KP (< Y
2ccos@+ 20 ,sing "\ P, e
BA
4
=[1-R,-sL]’ KPa(%] K
a 4
ok
4 N

Stress level SL=q/q; >

&
FIGURE 8.22 Variation of the tangent Young’s modulus with strain
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In the FEM analysis:

In numerical analysis, loading
IS first divided into many sub-
loading. Therefore, even the
soil stress-strain relation is
nonlinear, the stress-strain
relation at each sub-load stage
can be treated as linear elastic,
in which Young’s modulus can
be expressed by E,

S

T

~ojrlo|rlor|o

<

FIGURE 8.22 Variation of the tangent Young’s modulus with strain



K,= dimensionless
unloading/reloading
stiffness modulus number.

o, — 0,

M

FIGURE 8.21 Unloading-reloading Young’s modulus
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According to Egs. 8.1 and 8.6, to establish the stiffness
matrix of an element, the required parameters are E ( E, or {0} :[D}{g} (8.1)
E,)and u

[K.1= [[BI'[D]Blav  (8.6)

vol

The stiffness matrix at a stress level or at a stress state can
then be obtained. The required parameters are:

C, o, Ag, K, n, Ky, Ry,

Duncan and Chang’s model is often categorized as the elastic model



8.4.3 Modified Cam-clay (MCC) model -- critical state model

The critical state of soil refers to the state where volumetric strain is not further produced
with the increase of shear strain at large shear strain. The critical state is usually either the

failure state or the ultimate state.

. . . 900
Assuming in the laboratory triaxial test condition: ~ Critical state
z
1 6 450
p'=—(0,+0,+0%) (8.30) -
3 S
P 0.0 !
4=0,-0, (8.31) 0
- - - - %>
0y, 05, and oy are the major, intermediate and minor 0.05¢
principal stresses. AN
[
0.1 | /\
00 0.1 \ 02



Critical state line (CSL)

(a)

>p/

Critical state line (CSL)
One dimensional consolidation line

Isotropic virgin consolidation line (IVCL)

Unloading/reloading

(b)

> Inp’

E!

\

Yielding
surface

FIGURE 8.23 Definitions of various parameters in critical soil mechanics

Critical state line (CSL)

X\\
Elastic wall e

\

F
Unloading/reloading

—y

Isotropic virgin consolidation line

FIGURE 8.24 State boundary surface
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The critical state line:

q= Mp’ (8.32)
e=e_—Alnp" (833

Combined Eqg. 8.32 with the definition of p’
and g, the friction constant, M, Is given by

_ bsing’
~ 3—sin @' (8.34)

Critical state line (CSL)

> p’
(a)

Critical state line (CSL)
One dimensional consolidation line

Isotropic virgin consolidation line (IVCL)

L Unloading/reloading

(b) -



Isotropic virgin consolidation line:
4
e=e,—Alnp" @

The unloading/reloading equation

’
e=e_—xlInp (8.36)

Critical state line (CSL)

> p’
(a)

Critical state line (CSL)
One dimensional consolidation line

e, Isotropic virgin consolidation line (IVCL)
€es [~ — — Unloading/reloading
B b — — —

(b)
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The state boundary surface with the MCC model:

" M 2 (1-K/A)
p_=(M2+q2/p’2) (8.37)

ey (ea—e)
pe_ p ﬂ,

The yield surface :

(8.38)

P’y is the p’-value when g =0

A
/
/
/
/
q:Mp’/
Vi S Critical state line (CSL)
X — ~——
— Elastic wall e
F
E — Unloading/reloading
Yielding Y
surface

Isotropic virgin consolidation line
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The parameters related to the state boundary surface or the yielding surface are
M(ord), 1, x

If the MCC model is adopted as the yielding function, the required input

parameters are M (or ¢'), A, x, plus elastic constants E |, and x|, that form the

elastic constitutive matrix [D®]

{Ac}=([D°]-[D°]){Ac}=[D"N{As} (19

[D*]=[D]-[D"] ©.16)



Y is enlarged with the stress state
and defined by MCC model
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8.4.4 Hardening soil (HS) model --- nonlinear elastoplastic model

g/
0. / failure A
1Ee0 T | Mohr- Coulomb failure line
] g — 5
|1
B 7 BT \
l ' Ei 1_q / d. 4"5’ G \
| E 2 \
: ur § ‘D \
| .E l
| 1 2 (a) /
E.f
|
[
1 I > : >
&7 X x " Mean effective stress, p’
€1
(a) (b)

FIGURE 8.25 Hardening soil model (a) stress-strain curve by a hyperbola (b) shear yield surface (tension in positive)



Schanz et al. (1999) derived the yield

function for the soil subject to shear as A
Mohr- Coulomb failure line
2—R
YS — f q _ 2q _}/p (8.40) o w
E':':O 1_ q / qa El'Jr q%;
S ©
, , S ®
5 18 the tangent Young’s modulus =
corresponding stress level=50%, 2 @
¥ P is the plastic strain function
The rest parameters such as q, q,, g, Ry, Mean effective stress, p’ 4
E“ , are exactly the same as those in the (b)

DC model



, i ccotd +ot ) | G.)
ESO:ESOf(C'cot;':p'éf) - E.=KPa( 3) .

, e[ C'cotg +0
Eur = Eur C'COt ¢r+ pr ref (8'42) z

p’ "t is the reference pressure, which is similar to the

atmospheric pressure P, in the DC model; usually HS allows tension up to

sets p’ "*f =100 stress unit G'3 = -C' cot ¢’
f ’ //// c’ '

E., = reference Young’s modulus -

E.* = reference unloading/reloading ¢’ cot ¢’ o

Young’s modulus
FIGURE 8.26 Reference tangent Young’s modulus

considering the effect of cohesion



’ ' ' m ' ' r - ’ m
Er — Er ref C COt¢ +O—1 — Er ref C COS¢ +O—33|n¢ /KO,NC (8 43)
oed oed C'C0t¢'+ pr ref oed C'COS¢'+ pr refsin¢r

E:) gg“ = reference tangent oedometer
Young’s modulus

 Pp
_O'l
ref
Eoed
ref
p e[
c'c
'81

FIGURE 8.27 Yield surfaces used in the hardening soil model
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FIGURE 8.28 Reference oedometer Young’s modulus



Use the mobilized friction angle (¢',,) and dilation angle
() to represent the shear stress and dilation behavior of
the soil at various stages

/ ’
i O,—O0
sing;, = — (8.44)
o', +o'’,—2c' cotg’
. sing’—sing/
siny = P Doy (8.45)

1-sing’ sing.,
¢ ., 1s the friction angle at the critical state or at the state of
constant volume

A
T

FIGURE 8.29 mobilized friction angle

Critical state

o'ytan ¢’

>

| oose o
Critical state

dz/dx =0

dz/dx = (dz/dX)max

<

, dz/dx =0

FIGURE 2.8 Rowe’s theory



When the soll is at failure, ¢ .= ¢, and .= v, substitute those values into
Eq. 8.45, we can obtain

sing' —sing’, (6.46)
1-sing’sing

Siny =

Move ¢, to the left hand side (Eg. 8.46), and make a necessary simplification, then

sing!, = Sm(_ﬁ _,SI_rW (8.47)
1-sing siny

Therefore, as long as the ¢ and ¢ is known, the ¢, can be obtained from Eq. 8.47,
and the ¢'.. and ., can be obtained from Eqgs. 8.44 and 8.45, respectively.

The HS model requires|E; (Org;* ), s, ,‘c’ ¢ Ry, p'"™ E, (or ELF" ), E (orE”Ef),‘

1 ur 5 50
Ees (OF Efp )y My Ko e o P I’




« A good case history, TNEC is used in

evaluation of the performance of the

above models
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>

| 4|
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Extensometer

Tiltmeter

Pizometer

Rebar stress meter
Heave gauge
Earth/water pressure cell
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Figure 3.34
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Parameters for the lateral support

Stage Type A(mM?  t(m) s(m) E(MPa) 7
1 steel 0.012 - 8 210000 0.2
2 slab - 0.15 - 21000 0.15
3 slab - 0.15 - 21000 0.15
4 slab - 0.15 - 21000 0.15
5 slab - 0.15 - 21000 0.15
6 steel 0.0219 - 3.4 210000 0.2

Note : s= spacing distance between struts ; t = thickness of slab



Depth (m)

SPT-N Undrained Shear Strength, s, (kPa)
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° BH2 + Nearbysites % CKyU-AC (Ouetal. 1998) X UU test (Ou et al. 1998)
* CKoU-AE (Ouetal. 1998) + Vans shear test (Ou et al. 1998)

FIGURE B.1



Water content (%)
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FIGURE B.2
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Depth (m)
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Compressibility Index, C,
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Swelling Index, C;
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Depth (m)

Water content, e (%) Void ratio, e,
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I I 1 I ] I I I ] I I I 1 I | I I I ] |:| 1
——— — S p—
L _ w
_ —_ m =
" - z _
- 4 = 215 =
=
L - . . [
_ - A |
— - 35 =
B 7 40 B OO0 Ouetal (1998)
B ol aaaouetal (1998)] B 000 Teng(2010)
- - For analysis | 45 | For analysis
' I ' ' . T 30 I i | L | L | L | i
(a) (b)

The variation of (a)water content and (b)initial void ratio with depth
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Displacement (cm) Distance from the wall (m)

14 12 10 8 6 4 2 00 10 20 30 40 50 60 70 80 90 100
0 I """""" 0
> — -2
10— .
— -4
15— -
20 7-€— excavation stage — -6
25— — 8
30 —O-6—©— Field measurements
35 |— HS model
40—

FIGURE 8.30 Results from the HS model for the TNEC case with field measurements
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8.4.5 Small strain model

VZZ\

Typical field measuring result
------ Conventional FEM

FIGURE 8.31 Wall deflection and surface settlement computed from a typical conventional finite element method



omith etal. (1992) o, Initial yielding

_ _ surface Y3
Area 1: 107 to 10-°; linear elastic,

high stiffness Area 3

Area 2: <104 linear elastic, stiffness Y,
decreases rapidly Areq 4

Area 2

Area 3: a plastic strain Is generated

Area 4. When the strain reaches Y3, Area 1
the soil deformations and
plastic strain are all increased >G
and a large amount of ./ !
deformation is generated.

FIGURE 8.32 Yield surfaces at different strains of clay soils
Y3 iIs often called initial yield surface
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Additional Soil Parameters :

¢ the initial or very small-strain shear modulus Gy

¢ the shear strain level )37 at which the secant shear modulus G, 1s reduced to about
70% of Gy

A
— [<—<—> Retaining walls

[EEY

Qo |<—|—>| Foundations

O 07

% <— > Tunnels
= Very

3 small >
o

<

(¢B)

S

)

strains Small stfains Wm“ng

Larger strains
0 . el | | —> Shear strain
1e® 1e° 1e* 173 1e2 1e*t
I
Dynamic methods '

< < > >

Local gauges
FIGURE 8.33 Shear modulus degraded with shear strain




Displacement (cm)
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[
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(a) Initial stage
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50 =

(b) Middle stage

Displacement (cm)
2 4 6 8 10 12

(c) Final stage

o © ¢ Field measurements — - —-
HS Model -

HSS Model MC Undrained B Model

— MC Undrained A Model
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Ground settlement (cm)

Distance from the wall (m)
0 20 40 60 80 100

(a) Initial stage

<& © < Fleld measurements
HS Model

Distance from the wall (m)
0 20 40 60 80 100

0 T R N

(b) Middle stage

————— HSS Model
— = MC Undrained A Model

Distance from the wall (m)
0 20 40 60 80 100

N S N B
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Yo7 =

PLAXIS suggested:

0

! [2¢'(1+cos2¢") — o, (1+ K,)sin 2¢']

FIGURE 8.34 the HSS
model for TNEC case

Depth (m)

Depth (M)

Displacement (cm) Distance from the wall (m)

10
15
20
25

30 _
35 = o Field measurement

40 ‘ HS small model

45
50

Displacement (cm) Distance from the wall (m)

Sy | <— excavation stage

real soil parameter

412108642 OO 10 20 30 4050 60 70 80 90 100

41210864200 10 20 30 40 50 60 /0 80 90
'.' ‘_ _n 5 = ;_fﬂ l l

8 o Field measurement
40 HS small model

45~ adjusted parameter,y,,= 10

Settlement (cm)

Settlement (cm)

76



Displacement (cm) Distance from the wall (m)

O16 1412108 6 4 2 00 20 40 60 80 100 120 148
! ! | = =
o 13 5 = -
— = e) ® -2 g
, OO _ 4:
Z0 e
a - -6 GEJ
(4 4 - _8:/40:';)
- -10
MC-Undrained B
O—90—© MC-Undrained B (Small strain zone) 3
C—6—© HS model (Small strain zone)
= = == HS Small model A S
Ht ////7
FIGURE 8.35 The HS, HSS, and MC undrained B models for
an excavation in 80 m thick soft clay at the final stage Zone of small strain stiffness He
ZSAY ZSAY ZSAY

Rock or very hard soil (gravel)
FIGURE 8.43 Distance of finite element mesh boundary (Waterman, 2009)
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Stress path dependent total stress model

Displacement (cm) Distance from the wall (m)
01412108 64200 10 20 30 40 50 60 70 80 90 100

I B s
TNEC 51

Deep clay

1N
Settlement (cm)

o Field measurement
USC model

FIGURE 8.36 Comparison of wall deflections and surface settlements computed from using the USC
model for the TNEC case with field measurements.
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8.5 Determination of soil parameters

Effective shear strength parameters: c’, ¢’

Undrained (or total) shear strength parameters: s,, ¢ =0
(All refer to Sections 2.5 and 2.6)

The MCC model: E’

e=e,_—xl

Differentiate Eq. 8.36 at both sides,

de——de,

P

KL:I’ :_dp -
de

\'

My, M(orgd), A4, x

np' (8.36)

p’= In p>’

FIGURE 8.23 Definitons of various parameters
in critical soil mechanics

(8.52)

do  (+e)p’ 2.303(1+e)p’

“de/(lve)  x C (559

S
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According to Table 2.13. we have

El’Jr = 3K’r(:l'_zlu:]r) =

u

My = 0.2
C C
A= m (8.48)

Empirical relationship

C, =(i to l)CC
10 5

6.909(1+e)(1—-2x ) p’

CS
C S
K =
2.303
(8.50)

(8.49)

(8.54)
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Analysis of the TNEC case with the MCC model

Depth (m) | v (KN/m’) M Uy
0~35.0 18.25 1.2 0.2
8~ 12 18.15 1.16 0.2
12 ~33 15.15 1.16 0.2

35 ~37.5 19.13 1.2 0.2

The parameters e, M, A, xare directly from the tests



Comparison

MCC model

The real parameter x

The adjusted parameter «

Displacement (cm) Distance from the wall (m)

o s T2

|
LoD O

o Field measurement

20 MCC model

Distance from the wall (m)

6[412108 64200 10 20 30 40 50 60 70 80 90 100

Yl o Field measurement
| MCC model

412108 6 4 2 00 10 20 30 40 50 60 70 80 90 100
.r, \Néhea Boo-dg 28 SIBIE | |

Settlement (cm)

Settlement (cm)
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>

Critical state line

Real soil yield surface

Ko line

B
—

//T » D

Modified Cam-Clay vyield surface

Relationship of stress path in modified Cam-Clay yield surface and yield surface of natural soil
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1 1
C.=(= to =)C 8.51
. (5 4)C (8.51)

Adjusted parameters of undrained material (clay) for the MCC model

Depth (m) |y, (kNa’1n3) M K Vur K/2
0~56 18.25 1.2 - 0.2
8~ 12 18.15 1.16 0.2
12 ~ 33 18.15 1.16 0.2\ 0.2

35~37.5 19.13 1.2 0.2 0.2

The parameters x Is adopted directly from the tests for
the soil at a depth of GLO to GL-12 m and is adjusted to
be 0.24 for the soil below GL-12 m



Comparison

MCC model

The real parameter x

The adjusted parameter «

Displacement (cm) Distance from the wall (m)

o s T2

|
LoD O

o Field measurement

20 MCC model

Distance from the wall (m)

6[412108 64200 10 20 30 40 50 60 70 80 90 100

Yl o Field measurement
| MCC model

412108 6 4 2 00 10 20 30 40 50 60 70 80 90 100
.r, \Néhea Boo-dg 28 SIBIE | |
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Elastic constants
I ' ' / ' ' r ref ' ' ’
The HS model requires |E’. (Or E!™ ), !, |, ¢’ ,¢' , Ry , 0™, E}, (Or E[;* ), El, (OrEL),

Eea(OF E;erzgf ), m, Konc ' PEr W

{Ac}=([D°]-[D’]){Ac}=[D"KAs} (8.15)
For clay, all the parameters can be obtained by the simulation of triaxial compression
tests with unloading/reloading and oedometer tests using the FEM with the HS model.

From correlation:

6.909(1+e)(1-24' ) p'
C

S

E;(r)ef = E'u:ef /(3 ~ 5) = E’u;ef [ 3.5 (NC Clay) E’5(r)ef _ EL:Ef /3
EVf —E'™ /(2~3)=E'"™ /2.5 (OC Clay)
El. ~(0.7-1.0)EL"

oed

@54 My =0.2

El:r = 3K’r(1_2:u:1r) =

u

m=0.9 R,=0.9 w =¢ —30° (Bolton, 1986)
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For sand, it is determined to the unloading/reloading Young’s modulus (E',,) first:

E,=f (SPT-N) ~ (2,000 to 3,000)N (8.56)  (Khoiriand Ou, 2013)
where E’, is in KN/m?, N is SPT-N value

E'™ can be obtained from E’ =E'" ( C?;Z(t);?:r; 3f )m =E'"™ ( C?;Zi;?:r;:if:ni,]m(8.42)
EL' =E'" /(3~5)=E''" /3.5 (Loose sand)

El =E'" /(2~3)=E!® /25 (Dense sand)

E'" s EL® m=04t006 M, =0.2

oed

R; =0.5~ 0.6 (Wong and Broms, 989) W= ¢’ — 30° (Bolton, 1986)
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Elastic constants

The HSS model requires[E;,_(OTEL™ Joaty].¢' ¢/ Ry ,P'™,E}, (OF EL ), Efy (OrEL )

E..q(Or E:)(;gf ), m, Konc' P W, Gq, %7

G, Is a shear modulus at very small strain, which
can be obtained from bender element test,
seismic survey, a small strain triaxial test, or
from empirical formulas.

7.+ IS the shear strain corresponding to G/G,=0.7

Using the original Hardin-Drnevich relationship. and
related to the model’s failure parameters.

1

9G,

- t

+ 0.7

[2¢'(1+ cos(2¢") — 7, '(1+ K, )sin(2¢") |

A

1" |<—|<—>| Retaining walls
& k<—}—>{ Foundations
0.7 -
= |<—|—)| unnels
§ Ver)I/I |

sma [ - X .
S "
- i B <thains Conventional soil testing
(3]
o S
w -
Larger strains
0 T T . T > Shear strain
6 5 N7 4 3 2 1
le’ le le le le le

o I

Dynamic methods
le »l q|
!

I‘
! ' Local gauges !

FIGURE 8.33 Shear modulus degraded with shear strain

1.1

1.0

R ]
i ~
0.9 I

x %
U N\
7 N\

TAA

0.5 bl
OCR=1-15

RS

0.4 - A
106 10 104 103

Shear strain amplitude ¥, [-]

Influence of plasticity index (PI) on stiffness reduction after Vucetic &
Dobry (1991). 88



PLAXIS suggested:

Yo7 = (13 [2¢'(1+cos2¢") — o, (1+ K, )sin 2¢']

0

Suggested parameter above

Calibrated parameter, j,,= 10

Depth (M)

OB, BB WWNDNDEPE

Q

Displacement (cm)
412108642 OO 10 20 30 4050 60 70 80 90 100

Displacement (cm)

Distance from the wall (m)

7 <— excavation stage

& o Field measurement
HS small model

Distance from the wall (m)

1N
Settlement (cm)

| —
o
o

412108 6 4 2 00 lO 20 30 4050 60 /70 80 90

o Field measurement
HS small model

FIGURE 8.34 the HSS model for TNEC case

1N
Settlement (cm)
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The MC model for sand, ¢'and ¢, E’, u”’and y.

The dilation angle y can be estimated using y = ¢’ — 30° (Eq. 8.55)
The magnitude of parameters E”and x”is related to the stress or loading path.

The soil in front of the wall is subject to unloading stress path, the E” can
be determined following Eq. 8.56, and 4’ can be set equal to 0.2.

E’=E,=(2,000 to 3,000)N (8.56) &
For the soil subject to loading stress path t'; Vs Plastic

such as the soil behind the wall, the E”Is ~ (-—----
more close to E %,. The relationship of E %,
and E 7 as used in the HS model

(EL" =E' /(3~5)) can be applied.

50

The ’should be in the range of 0.3 to 0.4.

Experimental result
Linear elastic

&)

FIGURE 8.14 Mohr-Coulomb model
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The MC undrained model B for clay: c'and ¢, E’, u”and w.

E'=E', u'=p! ~0.2 y =¢ —30°
The MC undrained model C for clay: s, ¢,=0, undrained E, undrained z,

L, =05 or 0.495

,__E o __E

- 8.57 = 8.58
21+ ) (857 21+ p,) (559

= _EQ+u)_ E,(Q+au)

o) ) 6
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1600

E /s, =f (Pl OCR) 1200

400 30<PI <50

0 i ] ] ] ] 1 T =
1 2 4 6 8 10

Overconsolidation ratio, OCR

FIGURE 8.37 Relation of E /s, with OCR and PI
(redraw from Duncan and Buchignani, 1976)



8.6 Determination of initial stresses

8.6.1 Direct input method

For sloping ground:

0;, =y.h
o, =K,o)
T, =¥mhsina /2

(@) (b)

FIGURE 8.38 Initial stresses (a) in the free field (b) in sloping ground



Anisotropic total stress analysis:

o~oy,tu, o=K,o|+u Kog=0y oy 2 A Axial compression or
& lateral extension
| /]
Isotropic total stress analysis: g
Ko consolidation / s
s 45 Initial state ue
Su
S = ue ue (8.59)
2 Ko=1 8y>
Sue o,
_ va S,
o~=0, Ky(or Kp)=0oy/oy,=1 \ |
_ Axial extension or lateral N
Equivalentto ¢ =0 compression

K 0= 1-sin ¢’ FIGURE 8.39 Calculation of initial stresses with total stress
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8.6.2 Gravity generation method

@ Change the boundaries of excavations
profile to be all rollers

@ Assign a suitable x to each element

@ Ignore undrained behavior for the
undrained materials in the effective stress
analysis

@ Apply gravity body force over the whole
area and use the standard FEA procedure

@ Examine the obtained initial stresses for
correctness

@ Change the boundaries and the data sets
back to what they should be in the formal
analysis

@ Reset all the induced movements equal to 0

TR R RN

o

FIGURE 8.40 Initial stresses

XI
Om
. r Wa” i Gl H| C'

Bl i Gl Hl Cl
Xl
FIGURE 8.42 Plane strain analysis of an excavation o5



8.7 Structural material models and related parameters
Summarize the contents from Section 7.7

Soldier piles and sheet piles: The nominal Young's modulus is usually
reduced by 209, considering repeated use of the piles.

Diaphragm walls and column piles: The stiffness (EI) is usually reduced
by 20 to 40%, considering the possibility of bending moment-
Induced cracking in concrete.



8.8 Mesh generation
8.8.1 Shape of the element

@ Avoid irregular shapes

@ The closer to 1.0 is the aspect ratio, the
better iIs the shape

@ The square or an equilateral triangle is the
best choice

@ 1.0<L/B<L2.0~25

B
L
L
L
B Aspect ratio = B

FIGURE 8.41 Definition of the aspect ratio

G H'
Xl

FIGURE 8.42 Plane strain analysis of an excavation
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Bad elements

Good elements

98



eeeeeeeeeeee



o—0

S

Bad elements




Interested area :

Bad elements confined by good elements




Interested area :

Bad elements allocated near the boundary




8.8.2 Density of mesh

(1) In principle, mesh should be finer in the area of stress concentration or rapid
change of stress or strain

{a}=[KT{F}




(2) Avoid the large difference in stiffness for the adjacent elements

For example, beam elements

| | |
| | |
0.8 m 10 m
12ElI  12El 12El
_12El _ 12E ~1,953(12EI) Ky=—=%="—"3~
1T T (08)° L (10)° 1,000

LSy 1,953,000
K

2
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Transition element
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Transition elements

Large loading

\j
\/ Stress
concentration
\J

'\

'\
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18 m

CI
—>= A
B
Retaining wall ——>
< 60m —>
i
—>= A H
|
B | G’ H' c
XI

FIGURE 8.42 Plane strain analysis of an excavation



8.8.3 Boundary condition

9m Retaining wall >|<
< ? ”, I
B' ’
—= A
B
Retaining wall ——>
< 60 m ——
1l
fl
> 4 |
I
B' I
Xl

FIGURE 8.42 Plane strain analysis of an excavation




< > < > >
/SO Z AN 1A 2
; i
E He s 7
Y H 7~ /
. t \( 7~
\ /
Stability analysis: a > Hiand a >2H, E ,/
Structural forces analysis: a >2H. d Y 3
Deformation analysis: a > 2H, (Vermeer and Wehnert, 2005)
Zone of small strain stiffness :I:He
ZNAN ZNAN ZNAN Y ZZNAN

Rock or very hard soil (gravel)

FIGURE 8.43 Distance of finite element mesh boundary (Waterman, 2009)
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8.9 Plane strain analysis and three-dimensional analysis

(@) (b)

FIGURE 8.44 3D elements



MAIN- SECTION

CORNER H.=20.3 m,
[5JSECTION t=1.1m
B
13

SECTION FOR THREE-
DIMENSIONAL ANALYSIS

SCALE
¢INCLINOMETER 0 20m

Ou, et al. . (1996), Three-dimensional finite element analysis of deep excavation,
Journal of Geotechnical Engineering, ASCE, No. 5, pp. 337-345.
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Lateral wall deformation (cm)

0 2 4 6 0 2 4 6 0 2 4 6 g
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D 30 (o] o SECTION FOR THRF:E~
DIMENSIONAL ANALYSIS SALE
©INCLINOMETER 0 20m
(o) A (o]
40 b STAGE4: ho STAGEG6: [» o STAGET:
oooo FEM 2D a2aaaFEM 3D —— Measured values

FIGURE 8.45 Comparison of the results from 2D analysis, 3D analysis, and field measurement for the Haihaw excavation
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Finite element mesh for the earth retaining wall system of TPKE project

H.=13.2 m.

Use of DW, CW and
BW to form a strut-free

excavation support
system
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Finite element mesh for the TPKE excavation
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8.10 Finite element stability analysis

FEM with ¢, ¢ reduction

Coriginal E 20000
Cinput = —
SR =
&
o <)

¢ . ¢or|g|nal C_% 10000
Input — &
SR 2

0.99 I 1 I 1.(|)1 I 1.|02 | 1.03 I 1.04 I 1.05 | 1.06 | 1.07 I 1.08 I 1.09
Strength reduction ratio

11

FS

FIGURE 8.46 Variation of wall deflections with reduced strength



§ 2. [K]=[[B] [D*1[Bldv

For a certain SR value,

{AC]}, {A8}1 and {AO-} 1. {AFext} 9. Wk — Fext - |:mt
F. = 8. F,y = [[B] [o*]dv
I[B]T[G] d(vol) I[N]T{G}d(V0|)+ I [N]'[T]d(area) | . Displaceméyt
(8.5) {Ad}=> {Aq}
k=1
|F9Xt _ F‘”t| < tolerated error 3. {Aq }=IKI (Aot 10. {AQ }=IKT Y/
P 4. {A&}=[B]{AQ"}
(8.18)

& FIGURE 8.4 Procedure for nonlinear finite element computation
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Stress integration scheme(e.g. Forward Euler method with
subincrements)

5. [D*]

7. Update the new stress state by {o*}={o"
parameters of the yield function

| 6.{Ac}- Z[Dep][“]
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Case study: Taipel Rebar Broadway Case
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8.11 Finite element analysis procedure

9m Retaining wall >|<
< Eu, I
B' .
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Retaining wall ——>
< 60m —>
Y
—=> A
I
B' I
Xl

1. Define the problem dimension

2. Set the target geometry and boundaries

FIGURE 8.42 Plane strain analysis of an excavation




3. Select the material model and evaluate their input parameters

For the target with various stress paths, a high level constitutive model
such as the HS or HSS model would be a good choice.

For simple problems, monotonic loading or /unloading for example,
the MC model with the parameters obtained from the designated
stress path can be selected.
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4. Generate the mesh

Inspect the elements to ensure their aspect ratio, and ensure good elements or a
finer mesh to be allocated in important or interested regions.



5. Set the ground water level and
water pressure

6. Establish initial stresses
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7. Simulate construction procedure including dewatering

In construction practice:

Ground water level
before excavation

In FE analysis:

Ground water level
before excavation
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FIGURE 7.5 Profile of a two-story basement with mat foundation
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FIGURE 7.6 Procedure of a basement construction
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Wall deflection (mm) Bending moment (KNm/m)  Shear force (KN/m)
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FIGURE 7.7 Deformation, bending moment, and shear force diagrams of the wall computed at main stages

One construction event, one analysis phase
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Wall deflection (mm)
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Wall deflection (mm)
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FIGURE 7.8 Comparison of wall deflections with
the simulation of individual activity and combined
activities
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8. Check convergence

F. —F,
| 2 '”t|<tolerated error

Fol

9. Validate the analysis results
(1) Case History
(2) Field Observations
(3) Analytical or Empirical Solutions
(Equations or design charts)
(4) Laboratory Tests



End of Chapter 8

Thank you for your attention!
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